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Loop Quantum Gravity (LQG) is an attempt to describe the quantum gravity regime. Introduc-
ing a non-zero cosmological constant Λ in this context has been a withstanding problem. Other
approaches, such as Chern-Simons gravity, suggest that quantum groups can be used to introduce
Λ in the game. Not much is known when defining LQG with a quantum group. Tensor opera-
tors can be used to construct observables in any type of discrete quantum gauge theory with a
classical/quantum gauge group. We illustrate this by constructing explicitly geometric observables
for LQG defined with a quantum group and show for the first time that they encode a quantized
hyperbolic geometry. This is a novel argument pointing out the usefulness of quantum groups as
encoding a non-zero cosmological constant. We conclude by discussing how tensor operators provide
the right formalism to unlock the LQG formulation with a non-zero cosmological constant.
Introduction
Current cosmological data show that our universe has a positive cosmological constant Λ = 10−52m−2. It is
therefore crucial to build a theory of quantum gravity with a non-vanishing cosmological constant Λ. A proposal
to incorporate Λ 6= 0 in the quantum gravity regime is to work with the quantum group Uq(su(2)) as gauge group
instead of the Lie group SU(2), where the deformation parameter, q, is related to Λ [1]. As such, Λ is considered as a
fundamental parameter like Newton constant G [1]. The motivation for using quantum groups comes essentially from
the quantization of 3d models [2, 3], following Witten’s insights [4]. The path integral quantization can be applied to
4d models using a quantum group [5, 6]. Preliminary results point out that in the semi-classical limit, one recovers
the Regge action with a cosmological constant [5, 7]. However, from a canonical quantization perspective, it is not
clear why a quantum group should appear. Indeed, in the presence of a cosmological constant, the kinematical space
is still built from the classical group SU(2). The cosmological constant appears in the Hamiltonian constraint, and
somehow it is expected that solving this constraint would make a quantum group to appear [8]. In this paper, we
do not directly address this issue. Instead, we define the Uq(su(2))-LQG fundamental geometric operators1 and we
show how they encode a quantized hyperbolic geometry. That is, we give the first insight that a quantum group in
the context of LQG can really encode the presence of the presence of a hyperbolic geometry induced by Λ.
Such a geometric comprehension is a first step in constructing LQG with a non-zero cosmological constant and
relating it with spinfoam models based on quantum groups. This is a also strong indication that the LQG kinematical
space should be fully deformed.
Our approach is based on well-known objects which have been under-appreciated in the LQG context, the so-called
tensor operators. They can be used to construct observables in any discrete quantum gauge theory [11]. We show here,
in the context of LQG, how they allow to construct in a straightforward manner any observables for an intertwinner
and hence for a spin network. We illustrate the construction by considering the quantization of the triangle, which
would typically appear in 3d LQG. By considering the distance, angle and area operators we show how Uq(su(2))
induces the notion of hyperbolic geometry. We comment then on the extension of these results to the 4d case. In the
concluding section, we discuss why tensor operators will be the relevant structure to understand the appearance of a
quantum group in LQG with Λ 6= 0, at the kinematical level. To start, let us recall the basic properties of Uq(su(2))
and the tensor operator definition in this case.
1 Major and Smolin proposed a way to define geometric observables using loop variables in the quantum group case [9]. However Major
showed later there were important issues with their construction [10].
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2Uq(su(2)) AND TENSOR OPERATORS
We quickly review the essential features of Uq(su(2)) to fix the notations, with q real2. We refer to [12] for a full
description. The quasi-triangular Hopf algebra Uq(su(2)) is generated by the elements J±, K = q Jz2 such that
KJ±K−1 = q±
1
2 J±, [J+, J−] =
K2 −K−2
q1/2 − q−1/2 . (1)
The coproduct ∆ : Uq(su(2))→ Uq(su(2))⊗ Uq(su(2)) and antipode S : Uq(su(2))→ Uq(su(2)) are given by
∆K = K ⊗K, ∆J± = J± ⊗K +K−1 ⊗ J±,
SK = K−1, SJ± = −q±1/2J±. (2)
The R-matrix R ∈ Uq(su(2)) ⊗ Uq(su(2)) encodes the quasi-triangular structure, which tells us how much the
coproduct is non-commutative. If we note σ : Uq(su(2))⊗ Uq(su(2)) → Uq(su(2))⊗ Uq(su(2)) the permutation, then
we have
σ ◦∆X = R(∆X)R−1, ∀X ∈ Uq(su(2)). (3)
Standard notations are R12 =
∑
R1⊗R2, R21 =
∑
R2⊗R1, ... When q is real, the representation theory of Uq(su(2))
is essentially the same as that of su(2) [12]. A representation V j is hence generated by the vectors |j,m〉 with j ∈ N/2
and m ∈ {−j, .., j}. The key-difference is that we use q-numbers [x] ≡ qx/2−q−x/2
q1/2−q−1/2 .
K |j,m〉 = qm2 |j,m〉,
J± |j,m〉 =
√
[j ∓m][j ±m+ 1] |j,m± 1〉. (4)
The adjoint action of Uq(su(2)) on some operator O is
J± .O = J±OK−1 − q±1/2K−1OJ±, K .O = KOK−1.
The general definition of a tensor operator in the case of a quasi-triangular Hopf algebra A is given in [11]. We review
this formalism focusing on the case A = Uq(su(2)), with q real. The standard case of su(2) can be recovered by
performing the limit q → 1.
Definition .1. [11] Let V and W be some Uq(su(2)) modules and L(W ) the set of linear maps on W . A tensor
operator t is defined as the intertwinning linear map
t : V → L(W )
x → t(x) (5)
If we take V ≡ V j the representation of rank j spanned by vectors |j,m〉, then we note t(|j,m〉) ≡ tjm.
The fact that we have an intertwining map puts stringent constraints on the way tjm transforms under Uq(su(2)).
As an operator, tjm transforms under the adjoint action but as an intertwining map it also transforms like a vector
|j,m〉. Hence we have the equivariance property
K . tjm = Kt
j
mK
−1 = qmtjm
J± . tjm = J± t
j
m K
−1 − q± 12K−1 tjm J±
=
√
[j ∓m][j ±m+ 1] tjm±1 (6)
The equivariance property implies the following well-known theorem.
Theorem .2. (Wigner-Eckart) [13] The matrix elements 〈j1,m1|tjm|j2,m2〉 are proportional to the q-deformed
Clebsch-Gordan (CG) coefficients. The constant of proportionality Nj(j1, j2) is a function of j1, j2 and j only.
2 4d Lorentzian models spinfoam models are indeed constructed with q real [6]. We shall comment on the case q root of unity in the last
section.
3〈j1,m1|tjm|j2,m2〉 = Nj(j1, j2) qC j j2 j1mm2m1 (7)
Just as we can decompose the tensor product of vectors into vectors thanks to the CG coefficients, we can decompose
the product of tensor operators into tensor operators, using the CG coefficients.
Proposition .3. [11] The product of tensor operators is still a tensor operator.
We can use the Clebsch-Gordan coefficients to combine products of tensor operators.
tjm =
∑
m1m2
qC
j1 j2 j
m1m2m
tj1m1t
j2
m2 . (8)
This will be important to construct invariant operators under the adjoint action, by projecting on the trivial repre-
sentation j = 0 = m.
The tensor product of tensor operators is more complicated to construct in the quantum group case. Indeed, if t is
a tensor operator then (1)t = t⊗ 1 is a tensor operator, but 1⊗ t is in general not a tensor operator (it is however a
tensor operator if q = 1, i.e. for su(2)). The reason is that 1⊗ t can be obtained from t⊗1 using the permutation ψ.
However if the coproduct is not co-commutative, the permutation is not an intertwining map. The solution is then
to use the R-matrix to construct an intertwining map from the permutation [12].
Proposition .4. [11] If t is a tensor operator of rank j then (1)t = t⊗1 and (2)t = σR(t⊗1)σ−1R = R21(1⊗ t)R−121
are tensor operators of rank j, where σR = σ ◦ R is the deformed permutation.
The construction can be extended to an arbitrary number N of tensor products. Starting from a given t of rank j,
we can build N tensor operators of rank j using consecutive deformed permutations. For all i ∈ {1, · · · , N},
(i)t = (Rii−1..Ri1(1⊗ ...⊗ t)R−1i1 ..R−1ii−1)⊗ 1⊗ ..1.
Contrary to the q = 1 case, the operator (i)tjm does not act only on the i
th Hilbert space V ji . It is acting non-trivially
on all the Hilbert spaces V jk with k ≤ i.
Now that we have recalled the general theory of tensor operators, we can focus on their specific realization. For
this we have to solve (6). Just as for representations, the fundamental building blocks are operators of rank 1/2, the
spinor operators t
1
2 . Using the Jordan-Schwinger realization of Uq(su(2)), these spinor operators can be realized in
terms of q-harmonic oscillators [13]. For our current purpose, we are interested in the vector operator t1. They can
be realized in terms of either the q-harmonic oscillators or the Uq(su(2)) generators.
t1±1 = ∓
q
Jz
2√
[2]
J±, t10 =
1
[2]
(q−1/2J+J− − q1/2J−J+).
When q = 1, the vector operator components t1α are proportional to the su(2) generators Jα.
Any other tensor operator of rank j can be built by combining spinor operators and CG coefficients thanks to
Proposition 3. Then, the construction of tensor operators of rank j from tensor products of a given tensor operator
can be done using Proposition 4. Contrary to the undeformed case, the components of (a)tj and (b)tj will not
commute in general for a 6= b.
QUANTUM HYPERBOLIC GEOMETRY
In LQG with Λ = 0, the quantization procedure leads to spin networks states, which are graphs decorated by
su(2) representations ji on the edges and intertwiners |ιj1..jN 〉 on the vertices with N legs. The fundamental chunk
of quantum space is given by the intertwinner, a vector of V j1 ⊗ · · · ⊗ V jN invariant under su(2). To encode Λ 6= 0,
we replace su(2) by Uq(su(2)), with q real and work with Uq(su(2)) spin networks. We expect then that a Uq(su(2))
intertwiner should describe a quantum hyperbolic chunk of space. Observables acting on the intertwiner space are
now easy to construct. They are tensor operators of rank j = 0, since by definition they are invariant under the
adjoint action of Uq(su(2)). They can be built out from tensor operators of rank k, (i)tk, i ∈ {1, · · · , N} acting
in V j1 ⊗ · · · ⊗ V jN combined together with the relevant CG coefficients to project on the trivial rank, following
4Proposition 3. Observables are therefore the intertwiners image under the map (5). This will be true for any type of
group, classical or quantum.
For simplicity, let us focus first on 3d (Euclidian) LQG. We take q = e−
`p
R = e−λ real, with `p and R respectively
the Planck scale and the cosmological radius. To probe the nature of the quantum geometry encoded by a Uq(su(2))
intertwiner, we consider the simple case of a triangle quantum state given by the three-leg intertwiner |ιjbjcja〉 which
is ∑
mi
(−1)ja+maq−ma2√
[2ja + 1]
qC
jb jc ja
mbmc−ma |jbmb, jcmc, jama〉.
We use the vector operators (i)t1, i = a, b, c, to construct the Uq(su(2)) generalization of the key geometrical observ-
ables such as the angle, length, and area operators. In the classical case, the angle operator between the edges i and
j is (i) ~J · (j) ~J , hence the natural generalization is
(i)t1 · (j)t1 ≡ −
√
[3] qC
1 1 0
m1m20
(i)t1m1
(j)t1m2 , (9)
which gives again (i) ~J · (j) ~J when q → 1. The action of (i)t1 · (j)t1 on the triangle quantum state |ιjbjcja〉 is diagonal.
If we take i = b, j = c, the eigenvalue is
q
cosh λ2 cosh((ja +
1
2 )λ)− cosh((jb + 12 )λ) cosh((jc + 12 )λ))√
(sinh2((jb +
1
2 )λ)− sinh2 λ2 )(sinh2((jc + 12 )λ)− sinh2 λ2 )
,
where λ ≡ `p/R. We recognize a quantization of the hyperbolic cosine law (cf Fig 1),
− nˆb · nˆc = cos θa =
− cosh laR + cosh lbR cosh lcR
sinh lbR sinh
lc
R
, (10)
provided the edge length is quantized as li → (ji + 1/2)`p.
FIG. 1: Hyperbolic triangle in Poincare´ disc. Normals are such that ~ni = sinh
li
R
nˆi. uˆi are the normalized tangent vectors and
uˆb · uˆc = cos θa.
We note that the ordering factor cosh λ2 is necessary to obtain the right flat limit of the quantum cosine law [14].
This factor becomes negligible in the classical limit `p → 0, just as the other ordering factor sinh λ2 . In a quantum
theory, we usually encounter ordering ambiguities. When dealing with Uq(su(2)), we have further ambiguities since
the tensor product of operators becomes also non-commutative. For example, we have that (c)t1 · (b)t1|ιjbjcja〉 =
q−2 (b)t1 · (c)t1|ιjbjcja〉. We finally emphasize that the square of the norm operator (i)t1 · (i)t1 is diagonal with
eigenvalue
[2ji][2ji + 2]
[2]
=
sinh2((ji +
1
2 )λ)− sinh2 λ2
sinhλ sinh λ2
, (11)
which is not the square of the standard length operator, but a function of it. Only in the limit R→∞, this becomes
the square of the length operator, l2i → ji(ji + 1)`2p.
5Bianchi et al. have heuristically argued that a minimum angle in the quantum gravity regime appears due to the
presence of the cosmological constant [15]. This can be explicitly checked in our scheme. Setting ja = 0, we must
have jb = jc = j, and the above quantized cosine law gives
q
cosh2 λ2 − cosh2((j + 12 )λ)
sinh2((j + 12 )λ)− sinh2 λ2
, (12)
which means that there is a non-zero minimum angle. When `p → 0 (classical limit) or R→∞ (flat quantum limit),
(12) tends to 1, so we recover that the triangle is degenerated.
The area of an hyperbolic triangle is given in terms of the triangle angles,
A = (pi − θa − θb − θc)R2. (13)
We can express some function of the area in terms of the triangle edges lengths [16]. For instance sin2 A2R2 is
sinh( s2R ) sinh(
s−la
2R ) sinh(
s−lb
2R ) sinh(
s−lc
2R )
cosh2 la2R cosh
2 lb
2R cosh
2 lc
2R
, (14)
where s = 12 (la + lb + lc). Putting together (10) and (14), we have that 4(sin
2 A
2R2 )(cosh
2 la
2R cosh
2 lb
2R cosh
2 lc
2R ) is
sinh2
lb
R
sinh2
lc
R
(1− cos2 θa) = ~n2b~n2c − (~nb · ~nc)2. (15)
On the other hand, for a flat triangle, the square of the area is A2 = ~n2b~n2c−(~nb·~nc)24 = |~nb∧~nc|
2
4 . Replacing the normal
~ni by
(i) ~J leads to the quantization of the area [17]. Note however that due to some ordering factors, the quantized
version of the last equality is not exactly true. Following [17], we generalize the quantization of ~n2b~n
2
c − (~nb · ~nc)2 to
the quantum group case as
( (b)t1 · (b)t1)( (c)t1 · (c)t1)− q−2( (b)t1 · (c)t1)2. (16)
The action of this operator on |ιjbjcja〉 is obviously diagonal and the eigenvalue is fully expressed in terms of the
quantized lengths, just as in the classical case [17]. We obtain therefore a quantization of the function of the area
given by (15), just as we got a quantization of a function of the length considering the norm of the vector operator.
The tensor operator formalism can be obviously extended to the 4d setting. The simplest geometry to consider
is that of a quantum tetrahedron, given in terms of a four-leg Uq(su(2)) intertwiner |ιj1j2j3j4〉. The angle operator
(i)t1 · (j)t1 describes now the quantization of the dihedral angle, since the vector operator will be interpreted as the
normal to the face. The norm of the vector operator will be interpreted as a function of the area. The (squared)
area is therefore quantized with eigenvalues (ji +
1
2 )`
2
p, since q = e
−`2p/R2 in the 4d case. The (square of the) volume
operator in the classical case is built from ( (i)J ∧ (j)J) · (k)J , which is
3
∑
mi,αi
C
1 1 0
α2α10
C
1 1 1
m1m2α2
(i)Jm1
(j)Jm2
(k)Jα1 .
To generalize this to the quantum group case, we can replace the su(2) vector operators (i) ~J by the Uq(su(2)) vector
operators (i)t1 and use the relevant CG coefficients. We expect in this case to recover a function of the volume of
the hyperbolic tetrahedron.
Outlook
In 3d quantum gravity, it is well known that the cosmological constant appears through a quantum group structure
[4]. Not much is known from the LQG approach. We have shown here, in the case of q real, how the standard geometric
operators of LQG are generalized to the quantum group case and characterize a quantized hyperbolic geometry. This
shows explicitly that a quantum gauge group in LQG encodes a non-vanishing cosmological constant and that the
kinematical space should be deformed. Moreover, we recovered that the quantum spatial geometry is discrete and that
there is a notion of minimum angle. This could lead to potential phenomenological evidences [18]. Tensor operators
have been the key objects for this generalization.
6We have treated the case q real since the Uq(su(2)) representation theory is easy and it is also the relevant case to
discuss the 4d quantum gravity models. Indeed current 4d Lorentzian spinfoam models are built with q real [6]. There
is no 4d Lorentzian model with q root of unity since the Uq(sl(2,C)) representation theory with q complex is not well
understood. In the 3d Euclidian case, with q root of unity, the tensor operator construction becomes potentially more
complicated due to the nature of the Uq(su(2)) representation theory [12]. However it is quite likely that our results
can then be extended to this case and lead to quantum spherical geometries.
We expect that the use of tensor operators in LQG will provide us new routes to understand how to derive LQG
when the cosmological constant is not zero. First the U(N) formalism, generating all observables for an intertwiner
[19], can be extended to the quantum group case in a direct manner [20]. The standard U(N) formalism was used
recently to rewrite the 3d LQG Hamiltonian constraint and to solve it to obtain the Ponzano-Regge spinfoam model
[21]. We can use the Uq(u(N)) formalism to generalize the Hamiltonian constraint to the presence of cosmological
constant and relate it to the Turaev-Viro spinfoam amplitude [22]. Finally, a nice feature of the U(N) formalism is the
geometrical interpretation, through twisted geometries [23]. Tensor operators provide guidance on the identification
of the nature of the classical variables defining deformed twisted geometries and the phase space structure relevant to
LQG with a cosmological constant [24].
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